On the Initial Conditions for Brane Inflation 



R. Brandenberger, G. Geshnizjani and S. Watson 

Department of Physics, Brown University, Providence, RI 02912, USA 
(February 1, 2008) 

String theory gives rise to various mechanisms to generate primordial inflation, of which "brane 
inflation" is one of the most widely considered. In this scenario, inflation takes place while two 
branes are approaching each other, and the modulus field representing the separation between the 
branes plays the role of the inflaton field. We study the phase space of initial conditions which can 
lead to a sufficiently long period of cosmological infiation, and find that taking into account the 
possibility of nonvanishing initial momentum can significantly change the degree of fine tuning of 
the required initial conditions. 



PACS numbers: 98.80Cq 

I. INTRODUCTION 

The paradigm of cosmological inflation [1] has been 
spectacularly successful as a theory of the very early Uni- 
verse. Not only does having a very early period of cosmo- 
logical inflation solve some of the mysteries of Standard 
Big Bang cosmology such as the horizon and the flatness 
problems, but it also gives rise to a mechanism which 
generates the primordial fluctuations required to explain 
today's cosmological large-scale structure and the ob- 
served anisotropics in the cosmic microwave background 
(CMB). Simple models of inflation rather generically pre- 
dict a scale-invariant spectrum of adiabatic cosmological 
fluctuations, a prediction which has recently been veri- 
fied with significant accuracy by CMB anisotropy exper- 
iments [2-6]. 

However, at the present time the paradigm of cosmo- 
logical inflation is lacking an underlying theory. The in- 
flaton, the scalar field which is postulated to generate 
the quasi-exponential expansion of the Universe, cannot 
be part of the standard particle physics model, nor does 
it fit easily into pure field theory extensions of the stan- 
dard model (see e.g. [7] for a recent review of progress 
and problems in inflationary cosmology). In particular, 
it is not easy to justify a pure field theory based model 
of inflation in which the potential of the inflaton is suffi- 
ciently flat in order not to produce too large an amplitude 
of the fluctuation spectrum. Moreover, in many simple 
scalar field toy models of inflation, the overall amplitude 
of the spectrum of fluctuations points to a scale of infla- 
tion which is close to the scale of particle physics unifica- 
tion, and thus close to the scale where new fundamental 
physics, e.g. string theory, will become important. Thus, 
it is natural to look for realizations of inflation in the con- 
text of string theory. 

One of the key observations which makes it promis- 
ing to consider string theory as the source of cosmologi- 
cal inflation is the fact that string theory contains many 
scalar fields (the moduli fields) which are massless in the 
absence of non-perturbative effects and in the absence of 
supersymmetry breaking. Hence, it is natural to look for 
ways of obtaining inflation from moduli fields. Recent de- 



velopments in string theory have led to new possibilities. 
In particular, based on the observation that string theory 
contains p-branes as fundamental degrees of freedom, and 
that the matter fields of the Universe can be considered 
to be localized on these branes, the brane world scenario 
has emerged in the past few years offering a complete 
change in our view of the Universe [8] . 

Within the context of brane world scenarios, there are 
new ways to obtain inflation. For example, if the brane 
which represents the space-time on which our matter 
fields are confined is moving in a nontrivial bulk space- 
time, it is possible to obtain inflation on the brane from 
the dynamics in the bulk ("mirage inflation" [9-11]). An- 
other possibility is topological inflation on the brane [12]. 
The approach which was first suggested in [13] and has 
received most attention in the literature is "brane infla- 
tion" , a scenario in which inflation on the brane is gen- 
erated while two branes are approaching each other. In 
this scenario, the separation of the branes plays the role 
of the inflaton. 

The basic idea of brane inflation is the following [13]: 
consider two parallel BPS branes (see e.g. [14] for the 
string theory background) . When they sit on top of each 
other the vacuum energy cancels out. In the cosmologi- 
cal setting, they will start out relatively displaced in the 
extra dimensions. There is then an attractive force be- 
tween the branes due to exchange of closed string modes, 
the stringy realization of the gravitational attraction be- 
tween the branes. If supersymmetry is unbroken, the 
gravitational attraction is cancelled out by the repulsion 
due to the Ramond-Ramond (RR) field. The separation 
between the two branes acts as a scalar field in the ef- 
fective field theory on the brane. With two parallel BPS 
branes, the potential for this scalar field is flat before 
supersymmetry breaking, and hence no cosmological in- 
flation can be induced. After supersymmetry breaking, 
only the graviton remains massless, and hence there will 
be a net gravitional attractive force between the branes. 
The induced nonperturbative potential is flat and hence 
can yield a period of cosmological inflation on the brane 
while the branes are widely separated. 

Following the pioneering work of [13], several concrete 
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realizations of the basic scenario were proposed which 
have the advantage of allowing for controlled computa- 
tions of the inter-brane potential (see [15] for a recent 
review). One realization [16,17] which will be analyzed 
in Section 3 is based on a D4 brane-antibrane pair in 
Type IIA string theory compactified on an internal torus 
T^. The brane pair is parallel but separated in inter- 
nal space. In this case, the potential can be computed 
explicitly. It turns out that a sufficient period of infla- 
tion can be obtained provided the branes are located ap- 
proximately at the antipodal points. This leads to a se- 
vere initial condition constraint on the model. By fixing 
the branes to orientifold fixed planes [18] this initial con- 
dition constraint can be somewhat alleviated. Another 
brane inflation scenario [19-22] is based on taking two 
D4 branes which again are parallel except for forming an 
angle 6 (taken to be small) in one of the two-dimensional 
hyperplanes. In this case, the attractive potential is once 
again computable in string perturbation theory, and the 
resulting potential is suppressed by the small parameter 
6, thus making the probability to obtain sufficient infla- 
tion larger. The brane inflation paradigm appears in fact 
to be rather robust. Models based on the attractive force 
between branes of different worldsheet dimensionalities 
were considered in [23-26]. 

A question which has not yet been addressed in the 
literature on brane inflation is the issue of constraints on 
the phase space of initial conditions for inflation which 
arise when one takes into account the fact that in the 
context of cosmology the momenta of the moduli fields 
which give inflation cannot be neglected in the early Uni- 
verse. For simple scalar field toy models of inflation, the 
constraints on the phase space of initial conditions tak- 
ing into account the range of allowed initial values not 
only for the inflaton field, but also for its momentum, 
were studied in [27-33]. As this work showed, there is a 
big difference in the degree of tuning required in order 
to obtain sufficient inflation between small-field inflation 
models of the type of new inflation [34,35] and large-field 
inflation models such as chaotic inflation [36] *. 

For models of the type of new inflation, the work of 
[28,29] showed that allowing for nonvanishing intial field 
momenta may dramatically reduce the phase space of ini- 
tial conditions for which successful inflation results. This 
result is easy to understand: in new inflation, the field 
must start off close to an unstable fixed point, from which 
point it then slowly rolls to its minimum. Unless the ini- 
tial field momentum is finely tuned (as finely or even 
more finely that the field value), slow rolling is never 
realized. In contrast, in models of the type of chaotic 
inflation, most of the energetically accessible field value 
space gives rise to a sufficiently long period of slow roll in- 



*Soc [37] for the classification of inflationary models into 
those of small-field and large-field type. 



flation. Since the momentum redshifts much faster than 
the potential energy, the initial kinetic energy does not 
have to be small in order that the field will settle down 
close to the slow-roll trajectory (see also [38] for a recent 
extensive phase space study of homogeneous infiationary 
cosmology) ''' Note that natural inflation models [40] fall 
into the former category (and thus are not natural at all 
from the dynamical systems perspective), whereas hy- 
brid inflation [41] models are more like chaotic inflation 
in terms of the initial condition aspect. 

In the following section, we review the constraints on 
the initial conditons in phase space required for successful 
inflation and formulate the argument in a form which is 
applicable to general models of inflation driven by a sin- 
gle scalar fleld. This then allows us to apply (in Section 
3) the arguments to a couple of representative models of 
brane inflation. We find that in some models of brane 
inflation, in particular in the case of branes at an angle, 
there is dramatic reduction to the relative probability of 
obtaining successful inflation when allowing the initial 
momentum to be general when compared to what it ob- 
tained allowing only the initial field position to vary and 
taking the initial momentum to vanish. In these models, 
the sensitivity of brane infiation to initial conditions is 
worse than in the case of chaotic inflation. 



II. METHOD 

There have been a large number of inflationary models 
proposed over the years. These models can be divided 
into two classes, large fi,eld (e.g. chaotic inflation) and 
small field inflation (e.g. new inflation). In all these 
models slow roll inflation must last long enough to solve 
the flatness, horizon, and monopole problems. This re- 
quires [1] that the Universe inflate during slow roll by 
at least A/" = 60 e-foldings. In the following, we develop 
a general method for determining the constraints on the 
phase space of initial data resulting from enforcing these 
requirements. Specifically, we want to consider the al- 
lowed values for the initial kinetic term that will still 
allow for adequate inflation. 



^Note that the studies of [28,29,38] mentioned above were 
performed without taking inhomogeneities into account. As 
studied in [32] for new inflation and in [30-33] for chaotic 
inflation, including spatial inhomogeneities accentuates the 
difference between models like new inflation and those like 
chaotic inflation. Inhomogeneities further reduce the mea- 
sure of initial conditions yielding new inflation, whereas the 
inhomogeneities have sufficient time to redshift in chaotic in- 
flation, letting the zero mode of the field eventually drive 
successful inflation. The property of chaotic inflation as an 
attractor in initial conditon space [31] persists even when in- 
cluding linearized gravitational fluctuations [39]. 
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Wc will first give some general considerations appli- 
cable to both classes of inflationary models, and only 
later consider separately the cases of small field and large 
field models. We will find that in the latter case one can 
achieve adequate inflation quite naturally, while the for- 
mer suffers from fine-tuning of initial conditions if one 
wants successful inflation and considers the full energet- 
ically allowed phase space of initial conditions for both 
the inflaton field and its momentum. 

We will restrict our attention to homogeneous evolu- 
tion of the inflaton fleld. Small inhomogeneities could be 
included using the methods of [39]. 



A. General Phase Space Considerations 

We want to find which regions of the phase space (t^, 11) 
will lead to successful inflation (here, Lp is the inflaton 
field and 11 = <^ is its velocity). From the point of view 
of early Universe cosmology it is unreasonable to pos- 
tulate that </3 starts at some distinguished value (as was 
initially assumed in models of new inflation), nor is it jus- 
tifled to set the initial momentum to zero. The full phase 
space of initial conditions depends on the specific infia- 
tionary model being considered. For example, in mod- 
els in which inflation is to commence immediately after 
the Planck time, a reasonable condition is to bound the 
phase space by requiring that the total energy density be 
smaller than the Planck density. Given initial conditions 
anywhere in this allowed phase space, we ask what subset 
of these initial conditions will lead to trajectories with a 
sufficiently long period of slow roll inflation (inflation not 
necessarily starting immediately at the initial time). 

The slow roll conditions for inflationary dynamics sin- 
gle out a special trajectory F in phase space. In order to 
have successful slow roll inflation, the phase space trajec- 
tory of the inflaton field must, during some time inter- 
val, be sufficiently close to the portion of the trajectory F 
which yields a sufficient number of e-foldings of inflation 
in order to solve the cosmological problems mentioned at 
the beginning of this section. Our method (motivated by 
the work of [28,29]) is to follow these trajectories back- 
wards in time to uncover the entire phase space that leads 
to successful inflation. 

Let us begin by recalling the relevant equations of mo- 
tion, which are the field equation for the inflaton and the 
Priedmann equation. 



tl + 3HU + V'iip) = 0, 



(1) 



(2) 



Given these equations we proceed by dividing the 
phase space into regions <S, P, and K, as indicated in 
Figures 1 and 2. The region V is the region where the 
potential energy dominates over the kinetic energy, but 



n 












FIG. 1. Sketch of the potential (lower figure) and phase 
space in a model of small field inflation. The region which 
leads to successful slow roll inflation lies between the the lower 
and upper diagonal curves 7; and 7„ in the upper left quad- 
rant. The symbols are defined in the text. 
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FIG. 2. Sketch of the phase space in a model of large field 
inflation. The region which leads to successful slow roll in- 
flation lies to the left of the steep curve in the upper left 
quadrant. 



the slow roll conditions (even in the generalized sense dis- 
cussed below) are not satisfied, and the /C is the region 
of phase space where the kinetic energy dominates. 

Region S is the region of generalized slow roll. To de- 
fine this region, let us remind the reader that the usual 
slow roll conditions of inflationary dynamics state that 
we can neglect the kinetic energy compared to the po- 
tential in (2) and 11 compared to V in (1). Under these 
assumptions, the equations become 



3Fn-t-y'((p) = 0, 



(3) 
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Stt 
3M| 



V{^). 



(4) 



The solution to these equations is a curve F in phase 
space. As has recently been studied in detail in [38], in 
an expanding Universe, this curve is an attractor curve. 
The curve F does not extend to all values of ip, since the 
slow roll conditions break down. 

There is a region S of phase space which forms a very 
narrow strip about the curve F and which extends from 
the curve to the H = axis and slightly beyond, where 
the potential energy density dominates over the kinetic 
energy density, but where in the scalar field equation of 
motion neither the V' nor the 11 terms arc negligible (see 
Figure 1). A phase space trajectory must enter region S 
if slow roll inflation is to occur at all. 

Along the curve F there is a distinguished value of ^p 
which we will denote as (/?^°. If the "beginning" value 
of <p obeys 



(5) 



then the trajectory will experience a sufficient number 
jV = 60 of e-foldings of inflation. By integrating the slow 
roll equations (3,4), we find that M is given by 



M = SnMp^ r ^d^> 60, 



(6) 



where ip^ is the value of the field where the slow roll 
approximation breaks down. For the case of small field 
inflation the constraint (5) is given by < (pf^ and 
I'/'hl > gives the constraint for large field models (see 
Figure 2). 

From the region S we trace the evolution backwards to 
the region V. In this region the potential still dominates 
the kinetic term, but instead of the II term, it is the 
V' term in the scalar field equation of motion which is 
negligible. Thus, in this region (1) and (2) become. 



n + 3HII = 0, 
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3M| 



(7) 



(8) 



Equations (7) and (8) for a general form of the poten- 
tial can be combined into one equation. 



Hpfc - n = 




(9) 



where (pkp and 11^^ are the values at the boundary be- 
tween regions V and /C. If we assume that V{(p) is almost 
constant in region V the above relation simplifies to a lin- 
ear relation between (p and 11 in this region. 



jUkp - n)Mp 



(10) 



The consistency of this approximation must be investi- 
gated for each potential separately. The condition for 
the approximation to be good can be written as (within 
a first order analysis): 



6ip 



< 1. 



(11) 



As will be discussed later, this condition is not satisfied 
for all models of infiation. 

Let us now denote by t^b and Ilf, the values of the in- 
flaton and its momentum when the trajectory enters the 
generalized slow roll region iS. These values are related 
to (^fcp and Ilfcp via (10), and thus 



<^6 = <Pfep + 



V247ry(^fe) ' 



(12) 



where we have neglected lib since it is much smaller than 
Ilfcp. 

The boundary between regions V and /C is given by 
the equality of kinetic and potential energy 



(13) 



The sign in the above equation depends on whether one 
is in the region of increasing or decreasing tp. For con- 
creteness, we will consider trajectories with 11 > 0. Sub- 
stituting II/jp from above equation into (12) and keeping 
in mind the approximation of V being constant will lead 
to: 



= fkp + 



(14) 



Solving (10) for 11 we can also write the equation for the 
trajectories in phase space while they are in V, 



* Without loss of generality we may assume for small field 
inflation that tp = Qm the loeal maximum of the potential near 
which inflation occurs, and for simplicity we take the potential 
to be symmetric about ip = Q. In the case of large field 
inflation, we take = to be the minimum of the potential, 
and again we take the potential to be symmetric about this 
field value. 



n(<^) Hfep 1 



{tpkp - (^)\/127r 

Mr, 



(15) 



We now want to extend the trajectories back further to 
determine which of the trajectories which begin in region 
K, will lead to successful inflation, where K is the region 
of kinetic energy domination, i.e. ^11^ > V{p). Here 
we are interested in trajectories that will loose enough 
kinetic energy (due to the Hubble friction) to eventually 
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reach region V. In region JC we can ignore the effects of 
the potential and (1) and (2) become: 



n 



SHU 

3M| 







These can be integrated and we find: 



'P = <fikp + 



(16) 
(17) 



(18) 



where - as used earher - (pkp and 11^^ are the values at 
the boundary between regions /C and V. These regions 
meet along the curve ^11^ = V{ip). We can solve (18) for 
n to find the equation for trajectories in /C: 



n((^) = Ilfcp exp 



(19) 



These trajectories continue all the way until ^11^ > V{(p) 
breaks down or they reach the boundary of phase space 
as given by the particular theory (e.g. Planck energy 
density in the case of chaotic inflation, or the limiting 
value of (f if the inflaton corresponds to the separation of 
two branes in an extra dimension and the radius of this 
extra-dimensional space is bounded). 

Now that we have developed the necessary equations 
to describe the full phase space, let us consider the cases 
of small and large field inflation separately. 



B. Small Field Inflation 

Let us first focus on the case of small field inflation 
models such as new inflation. An example of a potential 
which leads to small field inflation is sketched in Figure 
1 (lower panel). In this case, during the period of slow 
roll inflation (p is close to = 0. 

We want to calculate the whole volume of phase space 
that leads to successful slow roll inflation. Most of this 
phase space consists of points in V and /C whose trajec- 
tories enter the region S. In particular, to obtain enough 
e-foldings of slow roll inflation, the value of ipb for such a 
trajectory must obey 



\v>b\ < 



^60 1 



(20) 



Our method will be to follow the two limiting phase space 
trajectories (those for which the inequality in (20) is sat- 
urated and which are labelled 7' and 7" in Figure 1) 
back into regions V and /C and then to add up the corre- 
sponding phase space volumes between the two curves in 
both regions. Note that since the volume of S is negligi- 
ble in comparison to the volume of V (in particular, the 
value of n is negligible in region <S compared to Ilpfc), we 
can neglect the contribution of the small subset of phase 
space within <S that leads to enough e- folding of inflaton. 



The calculation involves extending the trajectories 
through the region V by making use of (15). Making 
use of (14) and assuming that the condition (11) is not 
violated, we obtain the following range of values of ipkp 
which lead to trajectories with successful slow roll infla- 
tion: 



fkp + 



< 



,^60 



(21) 



Prom this result, it is obvious that our approximation 

of assuming that the condition (11) applies throughout 
region V is not satisfled in many examples motivated by 
conventional quantum field theory in four dimensional 
space-time, since in those models we could expect the 
minimum of the potential to be at a value of smaller 
than the value of \^kp\ resulting from (21). 

According to Equation (15), trajectories in V are par- 
allel straight lines with a negative slope which extend all 
the way to Ilfep, and the above equation determines the 
side borders for trajectories leading to successful slow roll 
inflation. 

Combining these results, we find that the volume pp of 
phase space contained in region V leading to successful 
slow roll inflation is 



pp = 2ipb\Ukp\ 



(22) 



For a general potential V for which the condition (11) 
is not satisfied throughout, we have to find the equa- 
tions of the trajectories using equation (9), and use the 
results to obtain the phase space points (v^pjll'^p) and 
((/3^p,n^p) which form the end points of the boundary 
between V and /C in the subspace of phase space leading 
to successful slow roll trajectories. Here, the superscripts 
I and u stand for the lower and the upper boundary tra- 
jectories, respectively. In this case, the volume Pp is: 



Pp 



(23) 



Finally, we must determine the phase space volume pk 
within region /C bounded by the two trajectories 7" and 
7', trajectories which in region fC obey the equation (19). 
However, this time there arises the crucial issue of how 
far back to integrate the trajectory. First, for the clas- 
sical field theory analysis to be valid, the energy density 
cannot exceed the Planck density, and this imposes an 
upper limit on the allowed value of H, namely 



|H| < \/2m: 



(24) 



Next, the domain of ip may be bounded according to 

the physics which determines what the inflaton is. For 
example, if the inflaton corresponds to the separation 
between two branes in a transverse compact dimension. 
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then Lp is bounded by the radius of the compact dimen- 
sion. Finally, in the case of potentials which rise again as 
\ip\ — > oo, the condition, > V{ip) will cease to hold 
at sufficiently large values of 

If there is a cutoff of the type described above, we will 
denote the cutoff values of the phase space coordinates 
by and 11^. 

We obtain the part of the phase space volume pk con- 
tained within /C corresponding to successful slow roll in- 
flation by integrating the trajectories 7' and 7" through 
region K using Equation (19) from {p = ifup to = tpc, 
and computing the phase space volume between the 
curves: 



Pk 



n"(<^)d(p 



where 11'' and II' are given by (19) evaluated at 



rkp 



P 4- ,^60 



(25) 



(26) 



Note that there is an equal size region in phase space 
obtained by reflection about the origin of phase space. 

Since (pf'^ is very small compared to both Mp and to 
the typical energy scale in the potential, we can first of 
all replace the lower integration limit in both integrals 
in (25) by the average of the two lower limits, which is 
— Mp/-\/127r. Next, we can Taylor expand the difference 
between 11" and II' (making use of (19)) about the value 
of n obtained from the value of ip along the central of 
the three diagonal curves in the upper left quadrant of 
Figure 1, with the result 




(27) 



where we have made use of (13) to replace the factor II^p 
appearing in (19) by the term involving the potential. 

Making use of this approximation, it is easy to evaluate 
equation (25) and find pk- 



Pk 



2<^foy2V^ 



f 1 A 



. (28) 



Recall that (pc is negative due to the assumption (26) 
on which half of phase space we are considering. Note 
also that the second term in the square brackets in (28) 
cancels with the positive contribution of pp, thus yielding 



^The region of phase space beyond this bound would again 
be an inflating region, but not one corresponding to small 
field inflation. 



Pk + Pp^ 2<pl^^/2V{<pb)e-^exp{— 



-^c) . (29) 



Note that in the above, we have assumed that the ap- 
proximation (11) is valid in the entire region V. For 
typical symmetric double well potentials with minima at 
\ip\ = T], this is only satisfied for values of rj larger than 
Mp/\/12'K **. For inflationary models in the context of 
grand unified field theories, this is not a realistic assump- 
tion, however in the cases of brane inflation considered 
in the following section, the assumption more likely to be 
justified (as long as the brane inflation model does not 
involve a hierarchy of scales of internal dimensions). 

Let us consider two concrete examples. In the first 
example we assume that the potential keeps decreasing 
(towards the value zero) at large values of and that 
there is a cutoff on the range of values of |(^| at |<^| = 
|<^c| = Mp In this case, we obtain 

Pk + Pp^ 2\^f\^2V{^f)exp{V^iT - 1) . (30) 



The total allowed phase space volume pT is 



PT 



Mi 



(31) 



and hence the fraction / of the phase space volume which 
leads to successful slow roll inflation is 



J ~ — Tin Ci . 



Mr, 



Ml 



(32) 



where Ci is the contant appearing in the exponential in 
(30). 

If we compare the result (32) with what would be ob- 
tained by considering only the configuration space con- 
straint on the initial conditions for successful slow roll 
inflation, we find that the constraint is more severe by 
a factor which is given by the second ratio on the right 
hand side of (32). 

In the second example, we consider a model of the type 
proposed in new inflation, with a potential of Coleman- 
Weinberg [42] type 

V{v) = [H^^M^) - l/2]+\W (33) 

with 77 chosen such that (11) is satisfied in the entire re- 
gion v. This potential rises at large values of \ip\, and 



**If the condition (11) is not satisfied, our result yields an up- 
per bound on the phase space of successful slow roll inflation. 

^^It is easy to check that in this example the trajectories 
stay below the cutoff line (24) if the value of the potential at 
the origin is several orders of magnitude lower compared to 
the Planck density, as it must if inflation is not to generate a 
too large amplitude of gravitational waves. 
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thus the cutoff value ipc is determined either by the po- 
tential energy becoming equal again to the kinetic energy, 
i.e. 



(34) 



or by the kinetic energy density reaching the boundary 
(24), which will occur at the value ifi determined by 




ln( 



M2 

AVV 



(35) 



For small values of the potential at the origin, it is the 
condition (35) which determines the largest value of 
Inserting the result into (29), we otain 



^ 2|^g°ly^n^^A-v2(^)^ 



The total phase space pT is determined by (24) and by 
the largest value of |y| for which V{ip) < M^: 



Pt ^ A 



-1/4^3 

P 



(37) 



Hence, the fraction / of phase space which leads to suc- 
cessful slow roll inflation is given by 



/ ^ 2 



(38) 



which is the same order of magnitude as the fraction of 
configuration space which leads to successful slow roll 
inflation. Thus, in this example including nonvanishing 
initial momentum does not lead to a reduction in the rel- 
ative phase space of initial conditions yielding slow roll 
inflation compared to the fraction of conflguration space 
yielding slow roll inflation assuming vanishing initial mo- 
menta. The reason is that for any initial fleld value, we 
can choose a finely tuned initial momentum for which the 
field will roll up the potential and land near the origin 
with vanishing momentum. 



C. Large Field Inflation 

The fraction of the energetically allowed phase space 
of initial conditions which leads to successful slow roll in- 
fiation is of order one in most large field infiation models. 
This is not hard to understand: First of all, the volume 
of configuration space which is energetically allowed and 
also gives sufficient infiation is of order unity. Second, 
the phase space trajectories approach the slow rolling 
curve r sufficiently fast such that taking the freedom in 
the choice of the initial momentum into account does not 
lead to any restriction on the allowed phase space which 
gives slow roll inflation. 

To be specific, let us consider the chaotic infiation 
model given by the potential 



(39) 



where the constraints on the amplitude of the fluctua- 
tions spectrum limits the mass to be; rn/Mp < 10^^. 
In this example, the slow roll trajectory F is given by 

n = (127r)-i/^mMp. (40) 

The boundary between regions V and /C is given by 

n = rrvfi, (41) 



and thus the slow roll trajectory ends at the value 



{Utt 



1-1/2 



Mr, 



(42) 



The value ipl° 



(p\ > \ required in order to have suffi- 
cient slow roll inflation) is slightly larger than the above 



(36) 

value, about 



3M„ 



In this example, we can solve for the trajectories in Re- 
gion V without making the assumption that the potential 
is approximately constant. The result is 



n(^)-n(^,) = (37r)V2^(^2 



(43) 



To get a lower bound on the phase space of initial con- 
ditions which yield sufficient slow roll inflation we will 

extend the above trajectories (43) beyond the boundary 
between V and JC. Taking Mp to be negligible compared 
to \^\ and neglecting Ii{(pb) compared to n((^), we find 
that the trajectories (43) hit the phase space boundary 
n = Mp at the value = (fi given by 



-(3.)-V^M,(^)^/^ 



(44) 



Thus, a lower bound on the allowed phase space of ini- 
tial conditions which give sufficient slow roll infiation is 
obtained by considering the volume of phase space with 
< ipi and arbitrary 11. Thus, the fraction / of phase 
space yielding successful slow roll infiation is bounded by 



/ > 



Vc - m\ 

<Pc 



l-(3.)-"(^) 



1/2 



(45) 



where is the value of for which the potential energy 
reaches Planck density. 



III. APPLICATION TO BRANE INFLATION 

In this section we will apply the methods developed 
in section two to some current models of brane infla- 
tion. Many models of brane infiation have been proposed 
over the years [13,16-18,20-25]. Let us briefly review the 
common features of these models (a more detailed re- 
view can be found in [15] and references within). The 
starting point is a stack or at least a pair of parallel 
p-branes. The p-branes are taken to be large in three 
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spatial dimensions and the remaining (c?|| = p — 3) di- 
mensions of the branc arc wrapped on the compactified 
parallel volume, The branes are separated by a dis- 
tance Y in the remaining d± = {9 — p) transverse dimen- 
sions which are also taken to be compact with volume v±_ . 
The branes appear as BPS states protected by supersym- 
metry (SUSY) and are parallel, static, and stable. This is 
realized through the potential for the branes, which van- 
ishes because the forces from the Ncveu-Schwarz (NS) 
sector, which contains the dilaton and graviton, are ex- 
actly canceled by the forces due to the Ramond-Ramond 
(RR) charge. The idea behind brane inflation is to break 
the SUSY to generate a flat, attractive potential between 
the branes. Once a nonzero potential is generated, the in- 
flaton is identified with the separation Y of the branes in 
the transverse volume v± . For large Y the potential has a 
form expected from Newtonian gravity, which can be un- 
derstood since the dilaton and graviton are represented 
by the exchange of closed strings between the branes in 
v^. The branes inflate as they approach each other in 
the transverse dimensions, until they get close enough 
for a tachyonic mode to develop. At this point the open 
strings connecting the branes become important and the 
potential becomes dominated by the tachyon, bringing 
about the end of inflation in a way closely related to hy- 
brid inflation [41]. 

The main difference between the various brane infla- 
tion models is the; way they break SUSY. One method 
is to consider brane/anti-brane pairs moving on a fixed 
background. In this case, the RR charges of the branes 
are opposite and the attractive potential of the NS sector 
is not completely cancelled, which leads to the following 
potential [16]: 



V{Y) =A- 



B 



where 



A = 2TpV\\ 



B \ 



(46) 

(47) 
(48) 



Here, Tj, is the p-brane tension, r_L is the radius of 
the transverse dimensions (taken to be constant), /? = 
7r-'ii/2r (ii^), and and Mp arc the string and 
Planck mass, respectively. The dilaton ip^ is assumed 
to be fixed. The inflaton field ^ is related to the brane 
separation by its canonical normalization. 



slow- roll conditions fails. Namely, the slow roll parameter 
f] (conventionally denoted by 77) defined by 



p V 



is given by 



(50) 



(51) 



and hence cannot be made to satisfy ?7 <C 1, because the 
interbrane separation must satisfy Y <^ r±^ 

However, this can be remedied if one considers the ef- 
fects of the compactification on the potential. At large 
distances when Y ^ the presence of other branes or 
orientifold planes must be considered and this leads to 
an image effect, which softens the potential. In these hy- 
percubic compactifications one finds that, for small sep- 
arations z from the antipodal point, the potential takes 
the form [16] 



V{z) ^ A--Cz\ 
^ ' 4 • 



where A is defined as before and 



c = m: 



,-(2+dj_) 



(52) 



(53) 



This model of branc inflation comes under the small field 
classification. 

To consider the effect of a nonzero velocity for the 
branes we proceed by applying the methods of the small 
field section. We want to evaluate (29) for the given po- 
tential (52). The value of was derived in [16] and is 
given by 



-60 
^6 



(0.1) ri_ 



or in terms of the normalized field 



(0.1) rs. 



(54) 



(55) 



The cutoff for this model is given by the size of the trans- 
verse dimensions, 



and therefore 



<Pc 



(56) 



(57) 



Using these values and (49) we find the following expres- 
sion for the fraction / of the available phase space -t*, 



TpV\\ 



Y 



V2fM.ri 



1/2 



.2{M,ri_) 



M,Mp Y. (49) 



When one investigates this potential as a candidate for 
the inflaton, it is found by enforcing the constraints of 
A/" > 60 e-foldings and the COBE normalization that 
one cannot obtain successful inflation because one of the 



"'*We have assumed that the approximation (11) for the po- 
tential is valid. This may, however, not be the case for realis- 
tic values of r± (see (57)) which are large compared to M~'^. 
However, in this case the conditions for successful inflation are 
oven more stringent, and our result yields an upper bound on 
the fraction of phase space which yields successful slow roll 
inflation. 



8 



X exp (n^^^y^6aeVd[Msr±)^^^ 



From this expression wc immediately sec that, for com- 
pactifications at the string scale with Ms ~ 1 TeV, the 
initial conditons for inflation must be extremely fine- 
tuned. However, in hypercubic compactification models 
(e.g. [16]) Ms is usually taken to be close to the Planck 
scale and r± is left as a tunable parameter, the only re- 
quirement being that rj^ <C Mg in order for the effec- 
tive field theory arguments to hold. As an example, if 
we consider four transverse dimensions in the weak cou- 
pling limit (i.e. ae'^'' ~ 1) and take M^ ~ lO'^Mp and 
(M^rj.) ~ 10^ we find 



10" 



(59) 



This result indicates that even in this case, the phase 
space of initial conditions is highly constrained within 
these models. This conclusion is independent of the num- 
ber of transverse dimensions and the choice of compacti- 
fication radius, as can be seen by considering other values 
in (58). 

Another way to break the SUSY configuration of the 
branes is to introduce an angle 6 resulting from the 
branes wrapping different cycles in the compact dimen- 
sions [20]. This is a more general approach and setting 
= TT gives the brane/anti-brane case. The potential for 
these models has a form similar to (46). For the case 
rf_L = 4 it takes the form [21], 



1 o sin^ I tan | 

nr) = -r4.||tan2^-^^-3|^ 



(60) 



These models have several advantages over the limited 
case of brane/anti-brane inflation. First, as pointed out 
in [21], for small angles inflation can occur independently 
of the compactification method, i.e. hypercubic compact- 
ification is not essential. This can be seen by the modi- 
fication to (51) for branes at angles. 



11 ' 



(61) 



Thus, for small enough 9 the conditions for inflation are 
satisfied. These models reduce some of the fine-tuning as- 
sociated with the size of the compactification, however, 
introducing this angle actually makes the region of avail- 
able phase space given by (58) more constrained. For 



''''For large values of M^rx, the region IC is negligible com- 
pared to the region V, and thus the exponential factor in (58) 
is not present - this point is however irrelevant in terms of the 
numerical values. 



small angles, the ratio of available phase space is reduced 
by a factor of 9 for the momentum constraint and the 
constraint on the field introduces a factor of (1 — O'^/'^-^). 
That is. 



/ 



1/2 



X exp {n^/'^VQae}Pi{Msri_f~'^^ 



(62) 



In the cases where Y ^ /±/2, then, as in the case 
of the brane-antibrane configuration, the forces by the 
images of one brane on the other one should be included. 
This implies that the potential (60) takes a form like in 
(52), with A = \TiV\ \ tan^ 9 and with C proportional to 
sin^ I tan | . For this potential, the slow roll parameter f} 
in the case of dj_ = 4 is related to 9 as follows: 



(63) 



fi ~ -366*^ ( — 



For other values of d± similar results can be obtained. 
Requiring < ^ we get 

(64) 



Once again, we see that by taking small values for 9 the 
fine-tuning associated with configuration space can be 
reduced. However, taking into account the momentum 
space will cancel this effect since for small values of 9 



1, 



./WW) - ]I^T,v\\9^. 
Inserting this result in (29) we obtain, 
P 



(65) 



10" 



ae 



Vd 



Ms 



X exp( 7r^\/6ae^(Msr^)-^"^ 



(66) 



These results demonstrate that introducing initial ve- 
locities for the branes can drastically reduce the available 
phase space for adequate slow-roll inflation. This makes 
the models seem unnatural from a cosmological stand- 
point, since one would expect the early universe to con- 
tain a gas of branes in random motion relative to each 
other (sec e.g. [43,44]). 

However, on the string theory side, the branes are usu- 
ally taken to be BPS states initially and therefore are 
static and have no initial velocities. Then one gradually 
breaks the SUSY, which leads to the models discussed 
above. Introducing velocities is also a way to break SUSY 
and also requires an additional term to be included in the 
potential. For small velocities this term can be neglected, 
and we have assumed in our analysis that this is indeed 
the case. Prom a string theoretic perspective the ques- 
tion then becomes, why should SUSY breaking be small? 
This remains one of the important unsolved questions in 
string theory. 
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IV. DISCUSSION AND CONCLUSIONS 



In the context of a cosmological scenario with a hot 
intial stage, one cannot assume that initial field mo- 
menta vanish. Allowing for nonvanishing field momenta 
is known to make the initial condition problem for certain 
inflationary models of the small field type worse. In this 
paper, we have studied the constraints on the phase space 
of initial conditions for brane inflation models which lead 
to successful slow roll inflation. We have found that in 
certain models, in particular in models with branes at an 
angle, allowing for nonvanishing initial momenta for the 
inflaton field (i.e. for the brane separation) dramatically 
reduces the phase space of initial conditions for success- 
ful slow roll infiation. Wc have traced the reason for this 
sensitivity to initial momenta to the fact that these mod- 
els are closer to the class of small field inflationary models 
than large field models. 

In our analysis, wc have neglected the fact that the 
potential for the modulus field <fi is velocity-dependent. 
Given that our goal is to derive an upper bound on the 
phase space of initial conditions which can lead to suc- 
cessful slow roll inflation, our approximation appears jus- 
tified, since velocity dependent terms will steepen the po- 
tential (since they lead to a greater departure from the 
BPS condition) and thus make it harder to achieve infla- 
tion. 

Certain of the proposed brane inflation models avoid 
the problem discussed in this paper, e.g. the model of [21] 
which in field theory language appears more like a large 
field model. However, the solution of the initial condition 
problem in this model comes at the cost of introducing 
a hierarchy in the scales of the extra dimensions, a hi- 
erarchy which also should be explained in the context 
of cosmology. Another brane infiation model which can 
lead to a large field inflation scenario (and is thus insen- 
sitive to allowing nonvanishing initial momenta) is the 
one proposed in [18] in which the branes are stuck at 
orbifold flxed planes but the radius of the extra dimen- 
sions becomes dynamical. Note that the initial condition 
problem is absent if inflation is topological in nature, i.e. 
occurs inside of a topological defect (see [12,45] for im- 
plementations in the context of brane world scenarios). 

If one relaxes the assumption of a hot beginning, and 
instead assumes that the initial state only differs slightly 
from a cold BPS state, then the initial condition problem 
discussed in this paper disappears. However, this requires 
a significant change in our current view of initial condi- 
tions of the early Universe at the time when a description 
in terms of classical general relativity becomes applica- 
ble. It is possible, however, that such initial conditions 
may arise from considerations of quantum cosmology. 
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